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The variance criterion, ( ( I -  27)~), is reconsidered in a slightly modified and generalized form. The 
approach is in terms of the Patterson function and permits a physical visualization of the criterion. 
The result is in agreement with standard statistical results in certain space groups only and with 
special assumptions. 

I t  is maintained that  because fundamental  statistical quantities like ~(E) critically depend on the 
unpredictable overlap in high order Q self-convolutes, they are quite generally useless. 

(A summary of conclusions is given at the end of this article.) 

As was stressed by L6fgren (1961), there is an  
advantage  of avoiding probabi l i ty  distr ibutions such 
as ~(]gF]) in deriving laws for reciprocal-space func- 
tions (for gF(h) see LSfgren (1960). We assume tha t  
gf(h),  corresponding to gF(h) for correct phases, is 
such tha t  g f (h )=g f ( -h ) ) .  Direct-space functions 
should be taken,  instead, as a start ing-point.  We shall  
thus s tudy  some aspects of the Pat terson function, gP. 

We star t  with- 

~ {gP( r ) -  CgPorigin(r) } dv(r) 
N 

= ( l / V ) 2  {IgF(h)] 2 C. 2 2 2 - f f ~ . ) ( h ) } ,  (1) 
h n = l  

where (cf. Lipson & Cochran (1953), p. 152) 

N 

gP( r )=  2 gP(n,m)(r-(r(~)-r(m))), (2) 
n, r n =  1 

with:  

gP(n,m)(r)=(1/V) Z, gf(n)(h).gf(m)(h).exp [ - 2 ~ i h . r ] ,  
h (3) 

and, further" 
N 

gPorigin(r) = ~ gP(n, n)(r) , (4) 
n ~ l  

and C is an  a rb i t ra ry  constant.  

Let  us suppose tha t  for certain n - m  pairs, 

r¢n) - r(m) = constant  vector = r (a); (5) 

i.e., r (a) are the different Pat terson peak positions. 
If  we fur ther  suppose tha t  the sums 

Z gP(n, m)(r - r (~)) 
n, m 

r (~) = co ns t  a n t  :~ 0 

are completely resolved for different ~t and completely 
resolved from (1 - C ) .  gPori~i,(r), we have, in the same 
manner  as in LSfgren (1961): 

~ { g P ( r ) -  C.gPorigin(r)} 2 dv(r) 

(1 - C) 2gP2origin(r ) dv(r) 

Z,~ ~ {n, "~'m gP(n'm)(r)}2dv(r) 

r (  ~=  c o n s t a n t . 0  

+ (l/V) ~ Z { ~ gf(n)(h).gf(m)(h)}2. (6) 
~t h n, m 

r (~ )=  c o n s t a n t  ~= 0 

If we assume for example  tha t  the  only causes of 

=(1 -c)~(1/v)2:{27 g/g.)(h)}~ 
h n 
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overlap in r (x) are the operations of the (primitive) 
group, equations (1) and (6) give ( ~  = ~  ef~)(h)).2 • 

n 

h h 

[ /  multiplicity of \ |2 
+ ~v ~v | |non-Harker  n - m ]  × d(~)(h).d(~)(h) J h ~.' l \  peak i n r  (r)#O / 

[[ multiplicity of ) }2 
+ ..,~Z {(Harker n peak in ×gf~)(h) . 

h r' l \  r (r') # 0 
(7) 

Any more-or-less exact overlap which has not been 
considered will render the right-hand side of (6) and 
(7) a lower limit to the left-hand side, at least in so 
far as the gP(n, m) s are >_ 0. 

In (7), we agree to define a Harker peak as any 
peak between equivalent atoms (i.e., for centrosym- 
metry we include peaks in +_ 2r(~)). For a primitive 
cell and only general atomic positions, we have the 
second sum, i.e., the 'non-Harker contribution', as* 

for non-centrosymmetry: 
N 

h n = l  

(s) 

for centrosymmetry" 
N 

2 ~ { ~ 2 - s  ~ J(4n)(h)} , (9) 
h n= l  

where s is the symmetry number. 
The Harker contribution for general positions only, 

takes the form- 
.¥ 

s ' Z  Z 4 di , )(h) ,  (10) 
h n = l  

where s' is an integer easily found for any space group. 
For C =  1 and under the conditions for (8), (9), and 

(10), equation (7) reads" 

2 { IgF(h) le -2}2= 
h 

J ~d~n)(h)} for non-eentro- (11) 
h 4 = 1 symmetry, 

I ~v d~)(h)} for centro- ~h {2 ~2 + (s'-- 2S) 4 (12) 
~=1 symmetry. 

For non-centrosymmetry, one finds that  s' - s >__ - 1, 
for centrosymmetry that  s ' - 2 s  > - 3 .  

The Wilson (1951) statistical result for a non- 
centrosymmetric crystal and C =  1, leads to (11) with 
s ' - s = - l .  This holds true for the space group P1, 
but might be seriously wrong; e.g. in space group P6, 

* I t  can  be p r o v e d  t h a t  paral le l ism for  vec to rs  be tween  
non-equivalent a toms,  wi th in  one cell and  in general  posit ions,  
c anno t  occur  t h r o u g h  space-group opera t ions  excep t  center ing  
and  inversion.  F o r  vec to rs  be tween  equivalent atoms,  such 
paral le l ism also occurs in cer ta in  non - c e n t ro s ym m e t r i e ,  prim- 
i t ive space groups,  e.g., P6 .  Cf. Rogers  & Wilson (1953), § 5.1. 

s ' - s = 3 .  The reason for the discrepancy is evident" 
no phase conditions besides a (h)=  - a  ( - h ) w e r e  con- 
sidered by Wilson. 

For a centrosymmetric space group, Wilson (1951) 
gave an expression that  leads to (12) with s ' - 2 s  = - 3 .  
This holds true in the space group P1, for example. 
Only the phase relations of this centrosymmetric 
space group were considered by Wilson. But this 
might again be severely wrong. For example in space 
group Pmmm,  s' - 2s = 3. 

The terms in Zgf(4n)(h) might be of the same order 
n 

of magnitude as those in Z ~', and therefore it is 
necessary to consider all symmetry operations. For 
specialized positions (not necessarily hypersymmetry) 
even the right hand side of (11) or (12) might be much 
too small. 

If the ~ ' s  given by Wilson (1949) are used for 
deriving <(IgFI2-Z')~}, all terms in 4 ..~gfin)(h) drop 

n 

out. To derive the general expressions given in this 
paper (e.g., (6)) by means of more elaborate probability 
distribution functions, it would be necessary to con- 
sider several types of atomic distributions for each 
space group. As we shall see presently, it is doubtful 
if ~ is a practically useful concept at all. 

We generalize (1) for C = 0, and have" 

~ (gq,~)2dv(r)=(1/V ) ~v igF(h)12~, (13) 
h 

where . v  indicates the (v -1 ) th  self-convolution (an 
origin inversion might be included for every second 
'factor'). I t  has been made clear that  even for v=2,  
the integral (13) will depend in a complicated manner 
on systematic and fortuitous overlap. :For v ___ 3 the 
more-or-less perfect 'random' overlap at least, cannot 
be predicted for an unknown structure and any limited 
IgF(h)l 2 material. (Bertaut (1955), however, explicitely 
gives <]gF[2~> for a special case.) 

I t  is a mathematical fact that  a knowledge of 
~(gF) - -and  thus of P(IgF[), N(z) etc., with which one 
might start---leads to a knowledge of <lgF[ 2~> and thus 
of the integral (13) for all Cs. The integra] (13) is, 
however, unpredictable for general Cs. In other 
words" if, for example, ~(IgF[) is thought of in terms 
of its moments <lgFI 2~) (which are, demonstrably, 
sufficient for a complete definition of ~(IgF[)) it cannot 
be predicted any further than v--2, if that  far. 

We conclude: 
(i) Expression (1) has a minimum for C ~ 1, but 

irrespective of C, the right hand side is only a measure 
of the degree of overlap in gP(r) (cf. Rogers & Wilson 
(1953), § 5.2). I t  is generally practical to chose C=0.  

(ii) Starting with (13), no symmetry criterion more 
general than that  for v = 2 exists in practice. Statistical 
considerations do not lead any further because ~([gFJ), 
etc., will depend on assumptions about the atomic 
distribution in a manner that  is too complicated. 



438 A N O N - S T A T I S T I C A L  D E R I V A T I O N  O F  S O M E  I N T E N S I T Y  L A W S  

(We assume, as usual, tha t  ~ versus [hi--defining 
h intervals--is  independent of structure, i.e., tha t  
~ b F ( h ) [  ~~ is as informative as <bF(h)l~'>. In a 
h 

coming pape r  <bF(h)12"> versus  Ihl will be s tudied.)  
The  d i rec t -space  i n t e r p r e t a t i o n  of (13) (which for 
v = 2  reduces  to  (1) for C = 0 )  shows p h y s i c a l l y  w h y  
t r ad i t iona l ,  s t a t i s t i ca l  bFI s tudies  have  me t  w i t h  
compl ica t ions ,  for example  b y  h e a v y  a toms,  low mul-  
t i p l i c i t y - o r  o therwise  spec ia l i zed- -pos i t ions ,  hyper -  
s y m m e t r y  etc. (A wide l i t e r a tu re  is revea led  if one 
begins w i th  the  e n t r y  ' P r o b a b i l i t y  d i s t r i bu t ion '  in  the  
genera l  I n d e x  of Acta Cryst.) 

(iii) U n d e r  all  c i rcumstances ,  on ly  a lower l imi t  can 
be p u t  to ~ bF(h) l  a. 

h 

M y  sincere t h a n k s  are due  to  m y  teacher ,  Prof .  
G. H/igg, for h a v i n g  read  m y  m a n u s c r i p t  a n d  to  Dr  
W. B r o w n  for l inguis t ic  assis tance.  
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Facteur  d'echeIle et coeff icient  d 'agi tat ion thermique .  Par J. GAULTIER e t  C. I t A u w ,  Laboratoire de 
Mindralogie et de Rayons X ,  Facultd des Sciences, Universitd de Bordeaux, France 

(Refu le 15 juillet 1960) 

Le premier travail ,  avan t  d 'entreprendre la ddterminat ion 
d 'une  s t ructure  cristalline, consiste i~ d6terminer le rap- 
port  d'6chelle C des facteurs de s t ructure  calculds aux 
facteurs de s t ructure  observ6s et le coefficient d 'agi ta t ion  
thermique moyen  B des atomes. 

La  m6thode de Wilson donne souvent  des r6sultats 
incertains lorsque les points du diagramme 

log (F2o)/ (~wf ~) 

en fonction de (sin 0/~) ~- ne se t rouvent  pas group6s 
au tour  d 'une droite moyenne.  

Remarquons  que ses r~sultats d~pendent de la mani~re 
dont  on effectue l '6ehanti l lonnage des IFo[ ~" par  zones 
concentriques de l 'espace r6ciproque. L 'ambigui t6  per- 
siste quel que soit ce mode d'6chanti l lonnage,  fut-il celui 
utf l isant  le m a x i m u m  d' informations,  c'est-k-dire r6sul- 
t an t  de tous les 6chantillormages possibles. 

Une autre  m~thode nous a paru excellente pour d~- 
termkner C et B dans des eas ou la m6thode de Wilson 
6tai t  inappliquable:  cette m6thode consiste ~ 6valuer la 
densit6 k l 'int6riettr du pic origine de la fonction de 
Pat terson.  

po (r) = C2/VZ, Fo (H) ~ cos (2zH.  r) 
H 

en l imi tan t  le ealcul /~ une sph6re de rayon r (environ 
1,5 A) autour  de l 'origine, et k comparer po(r) ~ la densit6 
th6orique calcul6e dans le m6me domaine. 

pc(r) = 1IV (H) exp [ - 2 B ( 2  sin 0/2) 2] cos (2nH.r) .  

Th6oriquement  ces deux fonctions devraient  6tre iden- 
tiques, et la diff6rence 5(r)=po(r)-pc(r)  devra i t  6tre 
nulle dans tout  le domMne sph6rique envisage. En  fait  
il n 'en est pas ainsi par  suite:  

- -  des erreurs exp6rimentales sur les facteurs de struc- 
ture observes. 

de l 'adoption d 'une agi ta t ion thermique isotrope 
moyerme pour tous les atomes. 

- - d e  la valeur nulle dorm6e aux termes H non ob- 
serv6s. 

- - d e  l ' approximat ion initiale introduite  dans le calcul 
de pc(r). 

Nous supposerons que les constantes B e t  C sont  cor- 
rectement  d4termin6es lorsque d(r) pr~sentera de faibles 
variat ions par  rapport  au z6ro (inf6rieures ~ _+ e).* 

Cette seule condition est insuffisante pour d6finir de 
fa~on satisfaisante les param~tres B et C. 

N 0 ~  av0ns pens6 que l'intr0dueti0n de l'6quation 

C~.~ Fo(g)~= f~(H) exp [ -  2B (sin 0/;t) ~] 
H 

qui lie de fa~on univoque ces deux constantes nous con- 
duirait ,  en quelques it6rations, trbs pr6s de la solution 
cherch6e. 

Ecrire eette relation suppose que ~( r )=0  pour r = 0  
c'est-k-dire que l 'on admet  arbi t ra i rement  que les facteurs 
d 'erreur n ' in te rv iennent  pas ~ l 'origine. 

La  m6thode prat ique employ6e est la suivante :  

* e de l'ordre de 2% de po(r) pour r =  0. 


